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INTRODUCTION
Let B H denote the C * -algebra of all bounded linear operators on a separable complex Hilbert space H. An operator A ∈ B H is said to be in the Hilbert-Schmidt class if Inequalities for the Hilbert-Schmidt norm are of great importance in analysis and physics. Several such inequalities may be found in [2, 3, 8, 10, 12, 13] and the references therein.
In this paper, we give two types of commutator inequalities for the Hilbert-Schmidt norm that seem natural enough to be widely useful. The first type of these inequalities is closely related to a classical scalar inequality of Clarkson. The second type concerns unitary approximation of positive and invertible operators. The unifying theme of our inequalities is that the proof of each of them is based on the powerful perturbation result of Voiculescu [17] , which asserts that every normal operator can be expressed as a diagonal operator plus a Hilbert-Schmidt operator with arbitrarily small Hilbert-Schmidt norm.
A CLARKSON COMMUTATOR INEQUALITY FOR THE HILBERT-SCHMIDT NORM
A basic scalar inequality of Clarkson asserts that if a and b are any two complex numbers, then
for every p ≥ 2. This inequality has been extended to L p -spaces and Schatten p-classes to establish the uniform convexity of these spaces (see, e.g., [5, 9, 16] and the references therein). Our first result is a non-commutative commutator version of the inequality (2) for the case when p is an integer. Theorem 1. Let A, B ∈ B H be normal. Then, for every X ∈ B H and for n = 2 3 we have
where
Proof. By Voiculescu's perturbation result, given ε > 0, there are diagonal operators D, E and Hilbert-Schmidt operators C, K such that A = D + C, B = E + K, C 2 < ε, and K 2 < ε. Let De i = λ i e i and Ef i = µ i f i for some orthonormal bases e i and f i for H and some sequences λ i and µ i of complex numbers. By a limiting argument, it is sufficient to prove the inequality (3) for the diagonal operators D and E. Now,
by the inequality (2)
(by the Minkowski inequality)
This completes the proof of the theorem.
Recall that, for two operators A, B ∈ B H , the generalized derivation δ A B , as an operator on B H , is defined by
for all X ∈ B H . It is easy to see that
for all X ∈ B H and for n = 1 2 In view of (5), the inequality (3) can be formulated, in terms of generalized normal derivations, as
for all X ∈ B H and for n = 2 3
For positive operators A, B ∈ B H , it can be shown that
for all X ∈ B H and for n = 1 2 To see this, first one proves (7) for the case when A and B are diagonal operators. Then the general case follows by a limiting argument. The case n = 1 of (7) has been observed earlier in [14] .
Using the inequality (7), we have the following corollary concerning positive operators, which is a non-commutative version of the integral power case of the scalar inequality
for all a, b ≥ 0 and for all r ≥ 1.
Corollary 1. Let A, B ∈ B H be positive. Then, for every X ∈ B H and for n = 1 2 we have
A scalar inequality that complements (8) says that
for all complex numbers a, b and for all r ≥ 1. Based on the inequality (10), the Voiculescu perturbation result can be utilized to prove the following result.
Theorem 2. Let A, B ∈ B H be normal. Then, for every X ∈ B H and for n = 1 2 we have
The special case of (11) when A and B are positive operators has been proved earlier by Hiai and Kosaki [7, Proposition 3.3] for the general class of unitarily invariant norms.
In addition to the scalar inequalities given in this section, we are interested in the inequalities
for all a, b ≥ 0 and for all r ≥ 1, and
for all real numbers a, b and for n = 1 2 These inequalities involve the Hölder continuity of certain root functions. Based on these inequalities, our analysis in this section can be employed to yield the following commutator inequalities, which are important in the perturbation theory of operators (see, e.g., [3, 4, 10, 11] and the references therein). 
we have
Theorem 4. Let A, B ∈ B H be self-adjoint. Then, for every X ∈ B H and for n = 1 2
COMMUTATOR INEQUALITIES RELATED TO THE UNITARY APPROXIMATION
Our first inequality in this section is a commutative version, for the Hilbert-Schmidt norm, of the fact that the nearest and farthest unitary operators to and from an arbitrary positive operator are I and −I, respectively.
Theorem 5. Let A ∈ B H be positive. Then, for every unitary operator V ∈ B H and for every X ∈ B H , we have
Proof. In view of the Voiculescu perturbation result, it is sufficient to prove (16) for the case when A is a positive diagonal operator and V is a unitary diagonal operator. The desired inequalities (16) , in this case, follow from (1) and the scalar inequalities
for every a ≥ 0 and for every z with z = 1. This completes the proof of the theorem.
Based on Theorem 5, we have the following commutator version, for the Hilbert-Schmidt norm, of the fact that the nearest and farthest unitary operators to an arbitrary invertible operator A are U and −U, respectively, where U is the unitary factor occurring in the polar decomposition of A.
Corollary 2. Let A ∈ B H be invertible with the polar decomposition A = U A . Then, for every unitary operator V ∈ B H and for every X ∈ B H with UX = XU, we have
Proof. By Theorem 5, applied to the positive operator A and the unitary operator U * V , we have
Since · 2 is unitarily invariant and since UX = XU and U * X = XU * , it follows that AX −XU 2 = U A X −XU 2 = A X −U * XU 2 = A X −X 2 AX −XV 2 = U A X −XV 2 = A X −U * XV 2 = A X −XU * V 2 and AX +XU 2 = U A X +XU 2 = A X +U * XU 2 = A X +X 2 Thus, AX − XU 2 ≤ AX − XV 2 ≤ AX + XU 2 as required.
It should be mentioned here that, in the finite-dimensional setting, it is not necessary to assume that A is invertible in Corollary 2. However, in this case, the unitary factor U need not be unique.
Finally, we remark that, for the special case X = I, but for all unitarily invariant norms, Theorem 5 and Corollary 2 have been obtained earlier by Fan and Hoffman [6] . See also [1, 3, 15] and the references therein.
